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We investigate the rate of convergence and the rate of attraction of perturbed
attracting sets as the perturbation tends to zero. The perturbation model under
consideration is a control system which contains the unperturbed system as zero
dynamics. Necessary and sufficient conditions for certain rates of convergence are
derived. Several applications especially to numerical approximations are given and
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1. INTRODUCTION
In the analysis of complex dynamic behavior, attracting sets form a
fundamental concept. In many cases, all complicated dynamical behavior
appears inside attracting sets; e.g., under suitable conditions, all unstable
manifolds are contained inside the global attractor being just one special
w xattracting set, cf. 7 .
ŽTherefore, the behavior of attracting sets or}more specifically}at-
.tractors under perturbation has attracted notable attention during the last
w xyears, e.g., in the context of numerical approximation 2, 10, 11 , control
w x w x w xtheory 1, 6 , random dynamical systems 8 , and differential inclusions 9 .
Ž . ŽEssentially, in all these works, semi- continuity properties of more or less
.specific attracting sets are derived. For exponentially attracting sets, also
w xthe rate of convergence for vanishing perturbation is investigated in 2, 11 .
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In the present paper, we begin an analysis of the rate of convergence for
attracting sets with arbitrary rate of attraction. The setup used here is a
family of deterministic time-varying perturbations of the given vector field
which can be interpreted as a control system for which the original system
is just the uncontrolled equation. This setup allows the definition of
strongly attracting sets which}if they exist}always contain an attracting
set of the unperturbed system. As we will see, this setup ensures conver-
gence of these sets without additional conditions on the attracting set.
Furthermore, it allows a number of implications to more specifically
perturbed systems, like, e.g., several types of numerical approximations.
The question under consideration is the following: Assume that the
perturbation, measured, e.g., by some real parameter a , tends to 0. Then,
how fast do the corresponding strongly attracting sets converge to an
attracting set of the unperturbed system? Already simple examples show
that this question cannot be answered in general, but that the answer
strongly depends on properties of the unperturbed attracting set.
Here we introduce two conditions on the rate of attraction of attracting
sets. The first is a condition on the contracti¤ity of a suitable family of
neighborhoods of the attracting set, and will turn out to be equivalent to a
related rate of convergence of the perturbed attracting sets as the pertur-
bation vanishes. The second condition is on the rate of attraction of the
attracted set. This condition is equivalent to a related rate of convergence
of the perturbed attracted sets plus the persistence of the rate of attrac-
tion under perturbation; i.e., the perturbed attracting sets attract with the
same rate as the unperturbed.
These conditions, which can be seen as a generalization of the well-
known exponential attraction property, can be regarded as one of the main
contributions of the present paper. The fact that they are equivalent to
certain convergence and attraction rates of the perturbed attracting sets
indicates that these are exactly the right conditions for the given setup.
The results allow numerous applications, some of which will be dis-
Žcussed in this paper. For instance, they allow estimates for the semicon-
.tinuous discretization error for one-step discretization of arbitrary attract-
w xing sets; in fact, some results from 11 are improved even in the exponen-
tial case.
This paper is organized as follows. After defining the general setup in
Section 2, we briefly discuss the behavior of absorbing sets under perturba-
tion in Section 3. In Sections 4 and 5, we introduce the mentioned
conditions and prove the equivalence results. Section 6 gives slightly
simplified conditions, and Section 7 discusses the special case of exponen-
tially attracting sets. In Section 8, we present a number of applications,
and in Section 9, we provide a number of illustrative examples.
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2. SETUP AND DEFINITIONS
We consider the ordinary differential equation
x t s f x t 2.1Ž . Ž . Ž .Ž .˙
n Žin R , and assume that f is globally Lipschitz with constant L. Since we
are only interested in the behavior on compact subsets, this is no real
. Ž . nrestriction. We denote the solution by w t, x , and for subsets B ; R0
Ž .  Ž .4we set F t, B [ D w t, x .0 x g B 0
In order to measure distances between sets, we make use of the
following functions.
DEFINITION 2.1. Let C, D ; R n be compact sets. We define the non-
symmetric Hausdorff distance by
dist C , D [ max min d x , y ,Ž . Ž .
xgC ygD
the Hausdorff metric by
d C , D [ max dist C , D , dist D , C , 4Ž . Ž . Ž .H
and, if C : D, we define the minimal distance d bymin
d C , D [ inf min d x , y .Ž . Ž .min
xfD ygC
Remark 2.2. Observe that, for dist, the triangle inequality
dist C , D F dist C , E q dist E, D 2.2Ž . Ž . Ž . Ž .
holds for all compact sets C, D, E ; R n.
Now we define the meaning of an attracting set. Recall that a set
n Ž .B ; R is called forward invariant if F t, B : B for all t G 0.0
DEFINITION 2.3. Consider two compact forward invariant sets A, B ;
R n with A ; int B. We call A attracting with attracted neighborhood B if
dist F t , B , A “ 0Ž .Ž .0
as t “ ‘. We call A absorbing with absorbed neighborhood B if there exists
T ) 0 with
F T , B : A.Ž .0
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Remark 2.4. Note that these are local definitions, in the sense that we
require the attracting and absorbing property only in a neighborhood of A.
Under our assumptions, this definition of an attracting set is equivalent
wto the uniform asymptotic stability property as defined in 11, Definition
x2.7.3 . It is slightly weaker than the notion of an attractor since no
w xbackward invariance of A is assumed here; see 11, Theorem 2.7.4 for the
precise relation.
Ž .Associated to Eq. 2.1 , we consider the family of perturbed systems
x t s f x t q a w t 2.3aŽ . Ž . Ž . Ž .Ž .˙
Ž .  w xnfor some real parameter a G 0 with w ? g W [ w: R “ y1, 1 , mea-
4 Ž a .surable . The systems 2.3 can be interpreted as a family of control
systems with the original system as uncontrolled dynamics. We denote the
Ž . n Ž .solutions by w t, x, w ; for x g R we abbreviate F t, x [a a
 Ž .4 n Ž . Ž .D w t, x, w , and for B ; R we write F t, B [ D F t, x .w g W a a x g B a
Note that the implication
B : C « F t , B : F t , C 2.4Ž . Ž . Ž .a a
is immediate for all t G 0.
Ž a .DEFINITION 2.5. Fix some a ) 0. For the perturbed system 2.3 , we
n Ž .call a set A ; R a-strongly forward in¤ariant if F t, A : A for alla a a a
t G 0.
Observe that by definition of F , any a-strongly forward invariant seta
w .also is an a 9-strongly forward invariant set for each a 9 g 0, a .
DEFINITION 2.6. Consider two compact a-strongly forward invariant
sets A, B ; R n with A ; int B. We call A a-strongly attracting with
a-strongly attracted neighborhood B if
dist F t , B , A “ 0Ž .Ž .a
as t “ ‘. We call A a-strongly absorbing with a-strongly absorbed neighbor-
hood B if there exists T ) 0 with
F T , B : A.Ž .a
Remark 2.7. If A attracts a compact neighborhood B which is not
a-strongly forward invariant, then it also attracts its compact neighborhood
˜ Ž .B [ D F t, B which is a-strongly forward invariant. Thus forwardt G 0 a
invariance of B can be assumed without loss of generality.
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Observe that these definitions for a s 0 coincide with the correspond-
ing definitions for the unperturbed system. Keeping this in mind, we will
now introduce further concepts for both the unperturbed and the per-
turbed system by defining them for a G 0.
DEFINITION 2.8. Let a G 0. Consider two compact a-strongly forward
invariant sets A, B ; R n with A ; int B, where A is a-strongly attracting
with attracted neighborhood B. A family of compact, a-strongly forward
q Žinvariant sets B , q g R , which depend continuously with respect to theq 0
.Hausdorff metric d on q and satisfy B s B is called an a-contractingH 0
family of neighborhoods if there exist T ) 0 with
Ž . qi A s F B .q g R q0
Ž . qii B : B for all q , q 9 g R , q 9 G q .q 9 q 0
Ž . Ž . qiii F T , B : B for all q g R .a q qqT 0
Ž .Remark 2.9. i Any a-strongly attracting set A with attracted neigh-
borhood B admits an a-contracting family of neighborhoods for arbitrary
Ž . qT ) 0 given by B s F q , B j A, q g R . Conversely, if A admits anq a 0
a-contracting family of neighborhoods, it is easily seen that it is attracting.
Ž .ii Using a suitable parametrization, an a-contracting family of
neighborhoods can also be constructed from the sublevel sets of some
Lyapunov function for the attracting set A.
3. ABSORBING SETS UNDER PERTURBATIONS
We start our analysis of the perturbation effects by considering the
absorbing sets. Here the situation is rather simple, however, for sake of
completeness we like to include it.
Ž .THEOREM 3.1. Consider system 2.1 and the perturbed family of systems
Ž a . Ž .2.3 . Let A be a compact forward in¤ariant set for system 2.1 . Then A is
Ž .an absorbing set for system 2.1 if and only if there exists an a ) 0 such that0
Ž a . w xA is an a-strongly absorbing set for system 2.3 for each a g 0, a .0
Proof. ‘‘¥’’ follows immediately from the assumption. In order to see
Ž .‘‘« ,’’ let A be an absorbing set for system 2.1 , and let B be its absorbed
Ž .neighborhood. Then there exists T ) 0 such that F T , B ; A. Since0
Ž . Ž Ž . .both A and F T , B are compact, this implies d F T , B , A \ « ) 0.0 min 0
Ž LT . Ž .Hence, for each a - «r e T , Lemma A.1 implies F T , B ; A; i.e., Aa
is a-strongly absorbing.
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4. ATTRACTING SETS UNDER PERTURBATIONS
Ž .For general attracting sets A of system 2.1 , the situation is less simple.
Here we cannot expect that A also is an a-strongly attracting set for small
a ) 0. Instead, we can only ensure the existence of a-strongly attracting
sets A which are close to A. In order to estimate how close they are, wea
introduce a measure for the contractivity of an a-contracting family. Here
we use a function g : Rq “ Rq satisfying the following conditions,0 0
g is strictly increasing and continuous with g 0 s 0, 4.1Ž . Ž .
for all s , r ) 0, there exist r , r ) 0 with rg s F g rs F rg sŽ . Ž . Ž .˜ ˜0
w xfor all s g 0, s . 4.2Ž .0
Ž . 1r k Ž . 1r k Ž .Typical examples of g are g s s s or g s s s ln 1rs , where
k g N. Using this function g , we can now define the rate of attraction.
q q Ž . Ž .DEFINITION 4.1. Let g : R “ R satisfy Eqs. 4.1 ] 4.2 , and let0 0
a G 0. An a-contracting family B for some a-strongly attracting set A isq
called contracting with contraction rate g , if for some constant C ) 0 with
Ž . qCg s G s for all s g R , it satisfies0
d B , A F Cg d F T , B , B for all q g Rq .Ž . Ž .Ž .Ž .H q min a q q 0
This definition requires that the rate of contraction of the sets B canq
be estimated from above by the distance from the attracting set. Note that,
Ž .although Remark 2.9 i gives a constructive existence result for a-contract-
ing families of neighborhoods, the neighborhoods obtained there via Fa
might not be suitable for our purpose; cf. Example 9.1, below. Obviously,
only the values of g for small s are important in this definition.
ŽA short computation reveals that Definition 4.1 implies but is in general
.stronger than
dist F T , B , A F g d B , A ,Ž . Ž .Ž . Ž .˜a q H q
Ž . y1Ž .with g s s s y g s rC. Note that if A is not absorbing, this immedi-˜
Ž . w Ž .x Ž .ately implies g s ) 0 for all s g 0, d B , A , hence g s G srC; i.e.,˜ H 0
the assumption in Definition 4.1 is automatically satisfied.
Now we can state our first theorem on the perturbation of attracting
sets.
Ž .THEOREM 4.2. Consider system 2.1 and the perturbed family of systems
Ž a . Ž .2.3 . For system 2.1 , consider compact and forward in¤ariant sets A, B ;
n q q Ž . Ž .R with A ; int B. Let g : R “ R satisfy Eqs. 4.1 ] 4.2 . Then the0 0
following properties are equi¤alent.
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Ž .i A admits a 0-contracting family of neighborhoods B with B s Bq 0
and contraction rate g .
Ž . Ž xii For suitable constants K, a* ) 0 and all a g 0, a* , there exist
Ž a .a-strongly attracting sets A of Eq. 2.3 with attracted neighborhood B anda
A : A which satisfya
d A , A F Kg a .Ž . Ž .H a
Ž . Ž .Proof. i « ii : Let B be the 0-contracting family of neighborhoodsq
Ž Ž Ž . .. Ž .which satisfies Cg d F T , B , B G d B , A for all i g N. Wemin 0 q q H q
˜define a new contracting family of neighborhoods B by settingq
B˜ [ F t , B ,Ž .Dq a Žq . q
w xtg 0, T
Ž . Ž LT Ž .. Ž .where a q is chosen such that Cg e Ta q s d B , A . ObserveH q
Ž .that a q is monotone decreasing and continuous. The assumption on the
Ž . Ž .B and the choice of a q together with Lemma A.1 ensure F T , Bq a Žq . q
˜: B , implying that each B is a-strongly forward invariant for allq q
y1 ˜ LTŽ Ž . .a F g d B , A r2C re T. Furthermore, the 0-forward invariance ofH q
˜ LTŽ . Ž . Ž .B and Lemma A.1 imply d B , A F e Ta q q d B , A Fq H q H q
Ž .2 d B , A . SinceH q
˜ ˜ ˜F 2T , B s F T , F T , B : F T , B : B : B ,Ž .Ž . Ž .0 q 0 0 q 0 q qqT qqTž /^ ‘ _
: Bq
these sets form a contracting family of neighborhoods for A with contrac-
˜ ˜tion rate g , T s 2T , and C s 2C.
˜2 LT˜ ˜Ž . Ž .Now choose a* ) 0 with Cg e 2Ta* F d B, A , and fix someH
˜Ž x Ž .a g 0, a* . Since d B , A depends continuously on q and converges toH q ˜L2T˜ ˜Ž .0, by the intermediate value theorem we find q ) 0 with Cg e 2Ta sa˜2 LT˜ ˜ ˜ ˜Ž . Ž . Ž . w xd B , A and Cg e 2Ta F d B , A for all q g 0, q .H q H aa
We claim that
˜A [ Ba qa
Ž . Ž .satisfies assertion ii : From the choice of q and Eq. 4.2 , we know thata
˜2 LT˜ ˜ ˜d B , A s Cg e 2Ta F Kg aŽ .Ž .ž /H qa
for some suitable constant K ) 0. Furthermore, by the construction of the
˜ ˜ w xB and the choice of q , each set B , q g 0, q , is a-strongly forwardq a q a
invariant.
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It remains to show that A is a-strongly attracting with attracteda
neighborhood B. By the choice of q and the rate of contraction, we knowa
that
˜L2T˜ ˜ ˜ ˜d F 2T , B , B G e 2Ta for all q g 0, ‘ , 4.3. Ž .ž /ž /min 0 q q *
˜ 4where q * s min q q T , q . Thus from Lemma A.1, we obtaina
˜ ˜ ˜F 2T , B : B for all q g 0, ‘ ..ž /a q q *
˜Ž .By induction, this implies F 2q , B : B s A , thus A is an a-stronglya a q a aa
absorbing set, hence also an a-strongly attracting set.
Ž . Ž .ii « i : We may assume A : A for all 0 - a - a F a*; other-˜a a˜
˜wise, we may use the sets A s F A , which are easily verified asa b gw a , a *x b
a-strongly attracting sets.
We inductively construct a positive sequence a , a nonnegative sequencei
q , and a family of sets B by setting a s a*, B s B, q s 0, and, fori q 0 0 0
i g N ,0
q [ min q g q , ‘ d F q y q , B , A F g a ,. Ž .Ž .Ž .½ 5iq1 i H a i q a ii i i
B [ F q y q , B j A , q g q , q ,ŽŽ .q a i q a i iq1i i i
a i
a [ .iq1 2
Ž Ž . .Since by attractivity, dist F t, B , A “ 0 as t “ ‘, the time qa q a iq1i i i
exists for all i and thus we obtain a “ 0 as i “ ‘. This constructioni
implies
d B , A F g 2a 4.4Ž . Ž .Ž .H q 2 a ii
w .for each q g q , ‘ with i G 1.i
We claim that the B form a 0-contracting neighborhood for A andq
Ž .system 2.1 as defined in Definition 2.8. In order to prove this, fix some
Ž xi g N and some q g q , q . Obviously, the family B is continuous0 i iq1 q
Ž .with respect to the Hausdorff metric. Then Property i follows from the
Ž .inclusion A : A : B , from d A , A “ 0 as i “ ‘, and froma q H ai i
Ž . Ž .Eq. 4.4 . Property ii follows since, by construction, B is a -stronglyq i
forward invariant, hence also a r2-strongly forward invariant, and Prop-i
Ž .erty iii follows directly from the construction.
It remains to show the rate of contraction, which we will in fact show for
Ž xarbitrary T ) 0. By construction, each B , q g q , q , is a -stronglyq i iq1 i
forward invariant; thus by Corollary A.2, we know that there exists K ) 01
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such that
d F T , B , B G K a for all q g q , q . 4.5Ž . Ž Ž .Ž .min 0 q q 1 i i iq1
Ž .On the other hand, by Eq. 4.4 and by assumption on the A , we knowa
that
d B , A F d B , A q d A , AŽ . Ž . Ž .H q H q 2 a H 2 ai i
F g 2a q Kg 2a for all q g q , q 4.6Ž . Ž . Ž Ž .i i i iq1
Ž .and all i G 1 i.e., a / a* . If i s 0, by compactness of B , there existi 0
w xconstants C , C ) 0, independent of q g 0, q , with1 2 1
d B , A F C F C g 2a . 4.7Ž . Ž . Ž .H q 1 2 0
Ž . Ž . Ž .Thus by Eqs. 4.6 , 4.7 , and 4.2 , there exists K G 0 such that2
d B , A F K g a for all i g N and all q g q , q . 4.8Ž . Ž . Ž Ž .H q 2 i 0 i iq1
Ž . Ž . Ž .Putting Eqs. 4.5 and 4.8 together and once more using Eq. 4.2 , we
obtain
K˜1˜g d F T , B , B G g K a G K g a G d B , A ,Ž . Ž . Ž . Ž .Ž .Ž .min 0 q q 1 i 1 i H qK2
i.e., the assertion.
Ž .Remark 4.3. i Note that in fact we have proven the existence of
Ž a .absorbing sets A for system 2.3 .a
Ž . Ž .ii If in the second part of the proof we fix some a g 0, a* , we˜
Ž .can set a s a q a r2 instead of a s a r2, and obtain an a-con-˜iq1 i iq1 i
tracting family of neighborhoods for A . Then a straightforward modifica-a˜
tion of the arguments shows that this family is contracting with rate g and
constant C independent of a .˜
5. ATTRACTION RATES AND PERTURBATIONS
The contractivity condition from Definition 4.1 for each sufficiently
small a ) 0 ensures both the existence of an attracting set for the
perturbed system and the existence of an attracting neighborhood with the
Ž .same contraction rate, cf. Remark 4.3 ii . However, often one is also
interested in the rate of attraction of the attracting set; i.e., given an
Ž .attracted neighborhood B, one would like to know how fast F t, Ba
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converges to A . The contractivity condition from Definition 4.1 in gen-a
eral does not give any information about this rate. The following definition
gives a stronger condition which can be used for this purpose.
q q Ž . Ž .DEFINITION 5.1. Let g : R “ R satisfy Eqs. 4.1 ] 4.2 , and let0 0
a G 0. An a-strongly attracting set A is said to have attraction rate g , if for
some T ) 0, it admits an a-contracting family of neighborhoods B whichq
for some constant C ) 0 satisfies Definition 4.1, and
d B , A F Cg d B , B for all q g Rq with B / A.Ž . Ž .Ž .H q min qqT q 0 qqT
This condition includes the contraction rate of Definition 4.1, but is
slightly stronger since it also gives information about the distance between
the B ; i.e., we obtainq
d B , A F g k B , A , 5.1Ž . Ž . Ž .˜H qqkT q
Ž . y1Ž . kwhere g s s s y g s rC, and g denotes the k-fold concatenation of˜ ˜
g . In particular, this yields an explicit rate for the convergence B “ A as˜ kT
k “ ‘.
Similar to Theorem 4.2, we can now state a relation between the
perturbed and the unperturbed systems.
Ž .THEOREM 5.2. Consider system 2.1 and the perturbed family of systems
Ž a . Ž .2.3 . For system 2.1 , consider compact and forward in¤ariant sets A, B ;
n q q Ž . Ž .R with A ; int B. Let g : R “ R satisfy Eqs. 4.1 ] 4.2 . Then the0 0
following properties are equi¤alent.
Ž .i A is attracting with attracted neighborhood B and attraction rate g .
Ž . Ž xii For suitable constants K, a* ) 0 and all a g 0, a* , there exist
Ž a .a-strongly attracting sets A of Eq. 2.3 with attracted neighborhood B anda
A : A which satisfya
d A , A F Kg aŽ . Ž .H a
and are attracting with rate g .
The corresponding a-contracting families B a realizing this rate can beq
Ž .chosen in such a way that for each q ) 0, there exists a q ) 0 with˜0 0
a a˜ w xB s B for all q g 0, q and all a g 0, a q , 5.2Ž . Ž .Ž ˜q q 0 0
and that the time T in Definition 2.8 and the constant C ) 0 in Definition 5.1
are independent of a .
Ž . Ž .Proof. i « ii : Consider the 0-contracting family of neighborhoods
B satisfying Definition 5.1.q
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Ž xFixing some a g 0, a* , we proceed as in the first part of the proof of
˜Theorem 4.2; define the value q and the set A s B . Since Definitiona a qa
5.1 includes Definition 4.1, we can again conclude that A is an a-stronglya
attracting set which has the desired distance from A. In addition, the third
˜inequality in Lemma A.1 implies that passing from the B to the Bq q
preserves the rate of attraction from Definition 5.1 by suitably enlarging
C ) 0.
It remains to show the rate of attraction for A . We will accomplish thisa
by constructing a suitable a-contracting family of neighborhoods for
a ˜T s 2T. Consider the family of neighborhoods given by B s B forq q r2
a ˜ ˜q - 2q , and B s B s A for q G 2q . From the properties of the B ,a q q a a qa
this family satisfies the inequality
a a a ad B , A F d B , A F Cg d B , BŽ . Ž . Ž .Ž .H q a H q min qqT q
q afor all q g R with B / A , and some suitable constant C ) 0.0 qqT a
Ž . aFurthermore, translating inequality 4.3 to the B yieldsq
a a LTd F T , B , B G e Ta for all q g 0, ‘ ..Ž .Ž .min 0 q qqT
Thus by Lemma A.1, we obtain the inclusion
a aF T , B : B for all q g 0, ‘ ..Ž .a q qqT
a Ž .Obviously, these families B satisfy Eq. 5.2 , hence the assertion follows.q
Ž . Ž . Ž xii « i : For each a g 0, a* , denote the a-contracting family of
neighborhoods by B a. We setq
a˜ Žq .B [ Bq q
Ž . Ž .for a q from Eq. 5.2 . Note that for each q ) 0, this implies˜ 0
a w xB s B for all q g 0, q for all a g 0, a q . 5.3Ž . Ž .Ž ˜q q 0 0
Thus continuity of B in q follows, and the properties A s F q Bq q g R q0
and B : B for q 9 F q are immediate from A s F q B a, B a ; B a ,q q 9 a q g R q q q 90
Ž x Ž .for each a g 0, a* , and d A , A “ 0 as a “ 0.H a
Ž .Furthermore, for any q ) 0, Eq. 5.3 implies
F T , B s F T , B a : F T , B a : B a s BŽ . Ž . Ž .0 q 0 q a q qqT qqT
Ž Ž .xfor a g 0, a q q T .˜
In order to obtain the rate of attraction, observe that B / A impliesqqT
B / B for some sufficiently large t ) 0. Thus B a / B aqqT qqTqt q qqT qqTqtq q
Ž Ž .x afor all a g 0, a q q T q t , and consequently, B / A . Hence, for˜ q qqT a
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q Ž Ž .xall q g R with B / A and all a g 0, a q q T q t , we have˜0 qqT q
Cg d B , B s Cg d B a , B aŽ . Ž .Ž . Ž .min q qqT min q qqT
G d B a , AŽ .H q a
G d B a , A y Kg aŽ .Ž .H q
G d B , A y Kg a .Ž . Ž .H q
Thus, letting a “ 0, the desired inequality follows.
Ž .Remark 5.3. i Again we explicitly constructed absorbing sets for the
perturbed system. This implies that for each fixed a , we could indeed
obtain arbitrary fast rates of convergence by choosing the constant C ) 0
Ž .or the time T ) 0 sufficiently large. Thus, the important property in ii is
the uniformity of C ) 0 and T ) 0 with respect to a .
Ž . Ž .ii A particular and rather natural choice of A would be thea
Žsmallest a-strongly attracting set containing A in a differential inclusion
w xsetting, a similar object is considered in 9 under the name ‘‘inflated
.attractor’’ . However, Example 9.3, below, shows that for this smallest set,
the assertion of Theorem 5.2 might not be true.
6. A SIMPLIFIED CRITERION
An a-contracting family of neighborhoods meeting the conditions in
Definitions 4.1 and 5.1 might be difficult to construct. One reason for this
is the continuity requirement for the family B in q . This requirement,q
however, is not really necessary. In this section, we indicate how such a
continuous family can be constructed if we only have a discrete family of
neighborhoods.
Assume we are given a ‘‘discrete’’ a-contracting family of neighbor-
˜ ˜hoods, i.e., a countable sequence of sets B , i g N , satisfying B s B, andi 0 0
˜Ž .i A s F B .ig N i0
˜ ˜Ž .ii B : B for all i g N .iq1 i 0
˜ ˜Ž . Ž .iii F T , B : B for all i g N .a i iq1 0
If this family satisfies
˜ ˜ ˜d B , A F Cg d F T , B , B for all i g N 6.1Ž .Ž . Ž .ž /ž /H i min a i i 0
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or
˜ ˜ ˜d B , A F Cg d B , B for all i g N , 6.2Ž .Ž . ž /ž /H i min iq1 i 0
respectively, then there also exists an a-contracting family of neighbor-
hoods satisfying Definition 4.1 or 5.1, respectively.
˜This holds, since the family B can always be extended to a continuousi
family B depending on q g Rq. For this purpose, we setq 0
˜ ˜ ˜ ˜B [ F t , x g B 1 y h d x , › B G hd x , BŽ . Ž . Ž .D ½ 5iqh a i i iq1ž /
w xtg 0, T
w .for each h g 0, 1 and each i g N which gives a continuous family of0
˜ Ž .a-strongly forward invariant sets with B s B for i g N . If Eq. 6.2i i 0
holds, we can inductively restrict these sets via
˜ ˜ ˜B [ x g B Cg d F t , x , › BŽ .ž /½ ž /iqh iqh a iy1qh
˜ w xG d B , A for all t g 0, T 6.3Ž .ž / 5H iy1qh
w x Ž .for h g 0, 1 and i s 1, 2, . . . . Here Eq. 6.2 and the forward invariance
˜imply that the sets B , i g B , remain unchanged, thus this family is welli 0
defined and continuity in h is ensured.
˜ Ž . Ž .In both cases, we set B [ B ; if Eq. 6.2 holds, the restriction 6.3q q r2T
immediately implies Definition 5.1.
Furthermore,
˜ ˜ ˜ ˜F 2T , B : F 2T , B : B : BŽ .ž /a kqh a k kq2 kq1qh
w xholds for all k g N and all h g 0, 1 , hence0
˜ ˜F 2T , B s F 2T , B : B s B .Ž . ž /a q a q r2T q r2Tq1 qq2T
Ž .Thus by using 2T instead of T , we obtain property iii of Definition 2.8
Ž .and}if Eq. 6.1 holds}the condition of Definition 4.1.
7. EXPONENTIALLY ATTRACTING SETS
In general, the contraction or attraction properties in Definitions 4.1
Ž .and 5.1 even in the simplified version from Section 6 might be difficult to
check. There exists, however, a special case allowing particularly nice
estimates.
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DEFINITION 7.1. Let A be an a-strongly attracting set. We call A
exponentially attracting if there exist an attracted neighborhood B and
constants b G 1, l ) 0, such that for each x g B and each w g W , the
estimate
dist w t , x , w , A - beyl td x , AŽ . Ž .Ž .a
holds.
Remark 7.2. Exponential attraction of an attracting set for the unper-
Ž .turbed system 2.1 is guaranteed, e.g., if it is a compact hyperbolic set.
w xSee, e.g., 2, Section 4 for a discussion of this fact in a discrete time setting
Ž .which applies here since we consider the time T-map .
Exponential attraction has been investigated and used by a huge number
w xof authors; see, e.g., 2, Section 4; 11, Chapter 7; 3, 5 , to mention just a
few references. In the language of Definition 5.1, it translates into the
following rate of attraction.
LEMMA 7.3. Let A be an a-strongly exponentially attracting set with
Ž .attracted neighborhood B. Then for each C g b , ‘ , there exists T ) 0 such
Ž .that A is attracting with attraction rate g s s s and constant C. Con¤ersely, if
Ž .A is a-strongly attracting with attraction rate g s s s and some constant
C ) 0, then it is exponentially attracting.
Ž .  d Ž . 4Proof. Consider the balls B d , A [ x g R N d x, A F d , and fix
Ž .some d such that B d , A ; B. Set0 0
qrT2yln C y b rCb C y bŽ .
T [ , d q s ,Ž . ž /l Cb
Ž Ž Ž . ..and B [ D F t, B d q , A . Then the family B satisfiesq t G 0 a q
Cd B , B G C d q y bD q q TŽ . Ž . Ž .Ž .min q qqT
s bd q G d B , A ,Ž . Ž .H q
and from the exponential estimate we can conclude
d F T , B , A F d q q T ,Ž . Ž .Ž .H a q
hence the desired inclusion
F T , B ; B .Ž .a q qqT
For the converse implication, observe that the assumption immediately
yields
kdist F kT , B , A F 1 y 1rC d B , A ,Ž . Ž . Ž .Ž .a q H q
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which by Lemma A.4 implies
˜ yl tdist F t , B , A F be d B , AŽ . Ž .Ž .a q H q
˜for suitable constants b G 1, l ) 0, and all t G 0. Since, furthermore, the
estimate
d B , A F Cd B , B F Cd B , AŽ . Ž . Ž .H q min q qqT min q
holds by Definition 5.1, this implies the exponential estimate for each
˜x g B with b s Cb.
The following corollary is now an easy consequence of Lemma 7.3 and
Theorem 5.2.
Ž .COROLLARY 7.4. Consider system 2.1 and the perturbed family of sys-
Ž a . Ž .tems 2.3 . For system 2.1 , consider compact and forward in¤ariant sets
A, B ; R n with A ; int B. Then the following properties are equi¤alent.
Ž .i A is exponentially attracting with attracted neighborhood B.
Ž . Ž xii For suitable constants K, a* ) 0 and all a g 0, a* , there exist
Ž a .a-strongly exponentially attracting sets A of Eq. 2.3 with attracted neigh-a
borhood B and A : A which satisfya
d A , A F Ka .Ž .H a
The corresponding a-contracting families B a realizing this exponential rateq
Ž .can be chosen in such a way that, for each q ) 0, there exists a q ) 0˜0 0
with
a a˜ w xB s B for all q g 0, q and all a g 0, a q .Ž .Ž ˜q q 0 0
and that the time T in Definition 2.8 is independent of a ; furthermore, also
the constants b and C from Definition 7.1 are independent of a .
8. APPLICATIONS
In this section, we will give a few straightforward applications of Theo-
rems 4.2 and 5.2. The purpose is to illustrate possible applications rather
than elaborating these as far as possible. Stronger results might be possible
but are beyond the scope of this paper.
8.1. Numerical Approximations by One-Step Schemes
The question of the behavior of attracting sets under numerical dis-
w xcretization was first investigated in 10 , and then further elaborated by
w xvarious authors; see 11 for a comprehensive description.
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Assume we are given a numerical one-step scheme described by a family
n n Ž xof continuous maps S : R “ R , h g 0, H , satisfying the convergenceh
property
5 5 pS t , x y w t , x F C t h for all t s hi , i g N, 8.1Ž . Ž . Ž . Ž .h 0 0 0
Ž . Žwhere C t is a constant independent of x and h. In general, such an0
Ž . Ž .estimate will only be valid as long as S t, x and w t, x stay insideh 0 0 0
some compact subset of the state space; here we assume it without loss of
generality on the whole R n since one could always use a suitable cutoff
technique for the vector field leaving the dynamics unchanged in a
.neighborhood of the compact attracting set A.
The precise relation between numerical one-step schemes and nonau-
Ž . w xtonomous perturbations of system 2.1 is investigated, e.g., in 4, 12 . For
Ž .our purpose, it is sufficient that from Corollary 10.3 and Eq. 8.1 for each
Ž .T ) 0, we can conclude the existence of a constant M s M T ) 0 such
Ž x pthat for each h g 0, H and each a G Mh , the inclusion
S t , B ; F t , B for all B ; R nŽ . Ž .h a
w xfollows for all t s ih, i g N, and t g 0, T . Thus any a-strongly attracting
Ž a . pset for system 2.3 with a G Mh is an attracting set for the discrete
time semidynamical system induced by S . This observation immediatelyh
implies the following corollary of Theorem 4.2 and Corollary 7.4.
w xCOROLLARY 8.1. Let S , h g 0, H , be a family of numerical one-steph
Ž . Ž .approximations for system 2.1 satisfying Eq. 8.1 . Let A be an attracting set
Ž .for Eq. 2.1 which admits a 0-contracting family of neighborhoods B withq
B s B and contraction rate g . Then there exists a constant K ) 0 such that0
for all h ) 0 sufficiently small, there exist attracting sets A for the discreteh
time semidynamical systems induced by S with attracted neighborhood B,h
A ; A , andh
d A , A F Kg h p .Ž . Ž .H h
If , in particular, A is exponentially attracting, then the estimate
d A , A F Kh pŽ .H h
holds.
Remark 8.2. In the case of exponential convergence, Corollary 8.1
w ximproves 11, Theorem 7.6.4 . In the general case, estimates for the rate of
convergence}to the best of the author’s knowledge}are not available at
all in the literature.
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8.2. Iteration of Perturbed Time-t Maps
ŽOne way to approximate attractors A i.e., attracting sets which are
. Ž . Ž .invariant of system 2.1 is by iterating the time-t map F t , ? , beginning0
with the attracted neighborhood B. Assuming Definition 5.1, it immedi-
Ž .ately follows from Eq. 5.1 that for t s kT , k g N, the resulting sequence
Ž .B s B, B s F t , B satisfies0 iq1 0 i
d B , A F g k i d B , A ,Ž . Ž .Ž .˜H i H 0
Ž . y1Ž . kwhere g s s s y g s rC, and g denotes the k-fold concatenation˜ ˜
of g .˜
Any algorithmic implementation of this iteration, however, must use
some discretization of the state space in order to represent the sets B in ai
Ž w xsuitable data structure see, e.g., 2 for a discussion and implementation of
˜.a similar iteration . Denoting this representation by B , this results in thei
˜Ž .iteration B s F t , B .iq1 0 i
˜ ˜Ž .If we assume B ; B and d B , B F b , then we can ‘‘embed’’ thisi i H i i i
sequence into the iteration
B s B , B s F t , B .Ž .0 iq1 a ii
Corollary A.3 ensures the existence of a constant M ) 0 such that for
˜a s Mb , the inclusion B ; B holds for all i g N.i i i i
Ž .The following proposition gives an estimate for d B , A , and by theH i
˜Ž .preceding discussion it can also be used for estimating d B , A . ForH i
simplicity of exposition, here we assume that g is monotone increasing˜
Žthis is not in general guaranteed by the properties of g but a reasonable
.assumption, cf. the exponential case above .
Ž . nCOROLLARY 8.3. Consider the system 2.1 and let A ; R be a compact,
forward in¤ariant set which is attracting with attracted neighborhood B and
attraction rate g . Let a , i g N, be a positi¤e sequence with a “ 0 as i “ ‘.i i
Consider the sequence of sets B , i g N, defined inducti¤ely byi
B s B , B s F t , B ,Ž .0 iq1 a ii
Ž .where t s kT for k g N and the time T is from Theorem 5.2 ii . Assume
Ž .a F a* from Theorem 5.2 ii .1
Then there exists a constant K ) 0 independent of the sequence a , i G 1,i
such that the estimate
kŽ iyl .dist B , A F max g Kg a 8.2Ž . Ž .Ž .˜Ž .i l
 4lg 0, . . . , i
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y1Ž Ž . . Ž .holds for all i g N and a s g d B, A rK . In particular, if Kg a0 0 H i
kŽ Ž ..F g Kg a for all i g N, the estimate˜ iy1
i kdist B , A F g d B , A˜Ž . Ž .Ž .i H 0
Ž . kŽ Ž ..holds, and if Kg a G g Kg a for all i g N, the estimate˜i iy1
dist B , A F Kg aŽ .Ž .i i
is implied.
Proof. Consider the contracting family of neighborhoods B of A, andq
recall the construction of the families B a and the attracting sets A inq a
Ž .Ž .Theorem 5.2 ii . Let K ) 0 be the constant from this theorem.
By the construction for each i g N , there exists q G 0 such that0 i
B ; B , where, for i G 1, either B s A or B s B . Thus Theo-i q q a q q qkTi i i i iy1
Ž .rem 5.2 together with Eq. 5.1 yields the assertion.
The two special cases immediately follow from the monotonicity of g .˜
Ž . ŽRemark 8.4. i If we assume the set A to be an attractor i.e., an
.invariant attracting set , we get the same estimates with the Hausdorff
metric d instead of the nonsymmetric distance dist.H
˜Ž .ii The embedding of the B into the B will in general not producei i
the best possible constants for this iteration. For a sharper evaluation of
Ž .the constant K in estimate 8.2 , the proof of Theorem 5.2 could be
˜ Ž . Ž Ž .. Ž .performed using the map F ?, ? [ B b , F ?, ? instead of F ?, ? .a i 0 a
The asymptotic rate of convergence, however, cannot be improved.
Ž .iii A similar estimate can be obtained if we consider an arbitrary
˜Ž . Ž .Lipschitz map F ? instead of the time-t map F t , ? , and construct f0 a
Ž .as in ii .
8.3. Control Sets
In mathematical control theory, one basic property is controllability, i.e.,
the property that for each two points x, y in the state space, there exists a
controlled trajectory from x to y. In general, this will only be possible in
w xcertain subsets of the state space, the so-called control sets; see 1 for a
comprehensive exposition.
One situation in which the existence of control sets can be shown is
when the uncontrolled system exhibits an attractor on which it is chain
recurrent. Under some conditions, then there exists a control set around
w xthis attractor; cp. 1, Corollary 4.7.2 . This property may be used, e.g., in
w x worder to approximate this attractor numerically; see 6 or 1, Chapter 13
xand Appendix C .
Using Theorem 4.2, we can give an estimate about the distance between
the attractor and the control set.
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˜ r nŽ .COROLLARY 8.5. Let f x, u , u g U , be a control system on R satis-
fying
˜ n r5 5f x , u y f x F Cr for all x g R , u g U ,Ž . Ž .
Ž xfor some C ) 0 and all r g 0, r* for some r* ) 0. Let A be a connected
˜Ž .attracting set for system 2.1 on which the system is chain recurrent and let f
w xsatisfy the conditions of 1, Corollary 4.7.2 . Assume furthermore that A
admits a 0-contracting family of neighborhoods with contraction rate g . Then
there exists a constant K ) 0 such that for all r ) 0 sufficiently small, there
Ž . rexists an in¤ariant control set D containing A and satisfying
d D r , A F Kg r .Ž . Ž .H
r wProof. The existence of the control set D follows from 1, Corollary
x4.7.2 .
Ž a .Under our assumption, each Ca-strongly attracting set for system 2.3
˜is a strongly attracting set for the control system given by f. Since in
particular no controlled trajectory can leave a strongly attracting set, the
control set D r around A must be contained in this set. Thus Theorem 4.2
implies the assertion.
9. EXAMPLES
In this section, we provide a number of examples illustrating the
previous results. We start with a rather simple example which, however,
shows that a suitable 0-contracting family of neighborhoods has to be
chosen with care.
EXAMPLE 9.1. Consider the differential equation in R2 given by
x s y2 x ,1˙ 1
x s yx .2˙ 2
The solution of this equation is given by
ey2 t x1
w t , x s .Ž .0 ytž /e x2
 4Obviously, the set A s 0 is an exponentially attracting set; in particular,
Ž yq  4.the family of neighborhoods B s B e , 0 satisfies Definition 5.1 withq
Ž . Ž yT .T ) 0 arbitrary, g s s s, and C s 1r 1 y e . Consequently, by Theo-
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rem 5.2 we expect the existence of a family of a-strongly attracting sets
 4A converging linearly to A s 0 . It is easily verified that the sets A sa a
 2 2 244 x q x F a form such a family; in fact, this is the smallest possible1 2
choice of A .a
˜Ž .Following Remark 2.9 i , a family B can also be obtained by settingq
2 y4q 2 y2q 2˜  4B [ F q , B 1, 0 s x g R e x q e x F 1 .Ž .Ž .  4q 1 2
This family, however, meets neither Definition 4.1 nor Definition 5.1 with
Ž .g s s s, since
˜ yq ˜ ˜ y2 ŽqqT .d B , A s e and d B , B s e ,Ž . ž /H q min q qqT
˜ qq2T ˜ ˜ qq2TŽ . Ž .thus d B , A s e d B , B , and e “ ‘ as q “ ‘.H q min q qqT
Ž .Observe that this corresponds to the fact that the minimal a-strongly
attracting sets A in this example have minimal distance ar2 froma
˜ 4A s 0 . If the B met Definition 4.1, the construction in the proof ofq
Ž . 2Theorem 4.2 would yield sets A with d A , A F Ka for somea min a
constant K ) 0, which is not possible.
Summarizing, this example shows that the use of the flow F itself0
to generate the family B will in general not yield the desiredq
properties}even in very simple exponentially attracting systems.
With the second example we illustrate the results for slower than
exponential attraction.
EXAMPLE 9.2. Consider the differential equation in R2 given by
x1 1qk5 5x s x y x y 1 ,Ž .1˙ 2 5 5x
x2 1qk5 5x s yx y x y 1 ,Ž .2˙ 1 5 5x
Ž . 5 Ž .5for some k g N. Denoting r t s x t y 1, a straightforward computa-
tion yields that any solution satisfies
r 0Ž .
r t s ;Ž . k
k'ktr 0 q 1Ž .
Ž  4.i.e., in particular, the set A s B 1, 0 is an attracting set. A 0-contracting
Ž Ž .  4.family for A with T s 1 is given by B s B d q q 1, 0 withq
1
d q s .Ž . k'kq q 1
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k
kŽ . Ž . 'Since d q q 1 s d q r kd q q 1 , and since by Taylor expansionŽ .
k
k k kq1Ž . Ž Ž . .'one gets kd q q 1 s 1 q d q q O d q , we obtainŽ .
k
k'd q kd q q 1 y d qŽ . Ž . Ž .
d q y d q q 1 sŽ . Ž . k
k'kd q q 1Ž .
kq1 kq2s d q q O d q ,Ž . Ž .Ž .
and consequently, for some suitable constant C ) 0 depending on k but
not on q ,
Ž .Ž . 1r kq11r kq1Cd B , B s C d q q 1 y d q G d tŽ . Ž . Ž . Ž .Ž .min q qq1
s d B , A .Ž .H q
On the other hand, it is immediately seen that the boundary of the
Ž .smallest a-strongly attracting set A containing A is given bya
1qk2 5 5x g R with x y 1 s a ,Ž .
Ž 1rŽkq1.  4.hence A s B 1 q a , 0 . Again we obtain the result expecteda
from Theorem 5.2.
Observe that by minimality of the A , this also yields that the rate ofa
Ž .attraction 1r 1 q k is optimal, and that in this example the rate of
attraction is immediately seen from the vector field.
In the following example, we illustrate the fact that the assertion of
Theorem 5.2 might be wrong if the A are chosen as the smallesta
a-strongly attracting set.
EXAMPLE 9.3. Consider the differential equation in R1 given by
x s f x ,Ž .˙
2kq1 k 1yk k kq1¡ w x2 y x y 2 2 , x g 2 , 2 , k g Z,Ž .~f x sŽ . 2¢ kq1 k 1yk kq1 kw x2 q x y 2 2 , x g y2 , y2 , k g Z.Ž .
A short computation reveals x F y5xr3 for x G 0 and x G y5xr3 for˙ ˙
 4x F 0, hence A s 0 is an exponentially attracting set. Setting B sq
w yq yq x qy2 , 2 for q g R , we obtain a 0-contracting family of neighbor-0
Ž . yq Ž .hoods for T s 1 with d B , A s 2 s d B , B .H q min q qq1
 4For any a ) 0, we obtain the set A s ya , a as an a-stronglya
attracting set, which has the same rate of attraction as A for the unper-
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turbed system. For a s 2yi, i g N, the smallest a-strongly attracting set is
w x Ž . Ž .A s yar2, ar2 . Here, however, we obtain the local estimates f x qa
Ž .2 1yk Ž . Ža G y x y ar2 2 for x G a , x close to a , and f x y a F x y
.2 1ykar2 2 for x F ya , x close to a .
w xThus for any set B s yb , b , b , b ) ar2, b , b close to ar2, we1 2 1 2 1 2
obtain
2 2d F B , B F min T b y ar2 F Td B , A ,Ž . Ž . Ž .Ž .min a i H a
is1, 2
Ž .and consequently, here a rate of attraction g with g s s s is impossible.
APPENDIX
Relation Between F and F0 a
In this appendix, we provide some technical but straightforward lemmas
Ž . Ž .which allow us to estimate the difference between F t, B and F t, B0 a
from above and below. Furthermore, we state immediate consequences
from Gronwall’s Lemma on the continuity of F .a
LEMMA A.1. For each two compact sets B ; C ; R n and all t, a ) 0,
the inequalities
d F t , B , F t , B F e Lt ta ,Ž . Ž .Ž .H 0 a
d F t , B , F t , C F e Ltd B , C ,Ž . Ž . Ž .Ž .H a a H
and
d F t , B , F t , C G eyL td B , CŽ . Ž . Ž .Ž .min a a min
hold.
Proof. Immediately from Gronwall’s Lemma.
LEMMA A.2. For each x g R n, each T ) 0, and each x g R n with0
5 Ž .5 Ž . Ž .x y w T , x F ar L q 1rT , there exists w g W with w T , x , w s x.0 0 a 0
Proof. Fix T , x , and x as in the assumption and define a function F:0
R = R n “ R n by
F t , y s f w t , x y f y .Ž . Ž . Ž .Ž .0 0
5 Ž .5 5 Ž .5Obviously, F t, y F L y y w t, x ; furthermore, F is Lipschitz in y0 0
uniformly in t and continuous in t. Hence, the time varying perturbed
differential equation
y t s f y q F t , y q u t A.1Ž . Ž . Ž . Ž . Ž .˙
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w xhas unique solutions on 0, T for any bounded and measurable function u:
R “ R n. For initial time t s 0 and initial value y , we denote these by0 0
Ž . Ž .c t, y , u . Now denote D x [ x y w T , x and consider u ’ D xrT.0 0 0
Ž .Then the solution of Eq. A.1 satisfies
t
c t , x , u s x q f c t , x , u q F t , c t , x , u q D xrT dtŽ . Ž . Ž .Ž . Ž .H0 0 0 0
0
t
s x q f w t , x q D xrT dtŽ .Ž .H0 0 0
0
w x Ž .for each t g 0, T . On the other hand, consider the function g t [
Ž .w t, x q tD xrT. This function satisfies0 0
t
g t s x q f w t , x q D xrT dt ,Ž . Ž .Ž .H0 0 0
0
Ž . Ž . Ž .thus we can conclude c t, x , u s g t ; hence, in particular, c T , x , u0 0
Ž . Ž Ž Ž .. . Ž .s x. Setting w t [ F t, c t, x , u q D xrT ra , we obtain w t, x, w0 a
Ž .s c t, x , u , i.e., the desired solution, and0
5 5 5 5 5 5 5 5w t F L tD xrT q D xrT F L q 1rT D x ra F 1,Ž . Ž .Ž .
implying w g W .
COROLLARY A.3. For each compact B ; R n and each T ) 0, the in-
equality
d F T , B , F T , B G ar 1rT q LŽ . Ž . Ž .Ž .min 0 a
holds.
Proof. Immediately from Lemma A.2.
LEMMA A.4. Consider a compact A ; R n which is forward in¤ariant for
Ž .system 2.1 and a compact set B > A. Then for each T ) 0, the estimate
dist F t , B , A F e LTd B , AŽ . Ž .D 0 Hž /
w xtg 0, T
holds.
Proof. Immediately from Gronwall’s Lemma.
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